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Goals of the Lecture
‣Conic Optimization

– intuition
– second-order cone programming
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What is an Linear Program?
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min c1x1 + . . .+ cnxn

subject to
a11x1 + . . .+ a1nxn  b1
. . .
am1x1 + . . .+ amnxn  bm

xi � 0 (1  i  n)



What is an Linear Program?

‣How to generalize it?
– moving to non-linear programs
– keeping polynomial-time complexity
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min cTx

s.t. Ax = b

x 2 Rn
+



Conic Programming

‣Key idea
– replace the non-negativity constraints by a cone constraints

‣Different types of cones
– non-negativity constraints
– second-order cones
– semi-definite positive cone
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min cTx

s.t. Ax = b

x 2 K



Proper Cones
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Computational Complexity
‣Old belief

– the boundary between hard and easy problems depends on 
whether the problem is linear or not

‣Finding of the last decades
– convexity is the boundary between hard and easy problems 

in mathematical programming

�7 Pascal Van Hentenryck, 2018



Convexity
‣A set    is convex 

‣A function                   is convex if 

‣Formally, we should also make sure that dom f is convex
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8x, y C, 8� 2 [0, 1] : �x+ (1� �)y 2 C

C

f : <n ! <

8x, y 2 <n, 8� 2 [0, 1] : f(�x+ (1� �)y)  �f(x) + (1� �)f(y)



Convexity
‣A function                   is convex if 

‣A function is convex if its epigraph is convex
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f : <n ! <

8x, y 2 <n, 8� 2 [0, 1] : f(�x+ (1� �)y)  �f(x) + (1� �)f(y)

epif = {(x, t) 2 <n+1 : f(x)  t}



What is A Cone?
‣A set K is a cone if 

‣A cone K is convex if

‣A cone K is pointed if it contains no line

‣A cone is proper if it is closed, solid, pointed, and convex
– closed = “contains its boundaries”, solid = “non empty interior”
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8x 2 K, ✓ � 0 : ✓x 2 K

8x1, x2 2 K, ✓1, ✓2 � 0 : ✓1x1 + ✓2x2 2 K

conic combinations

8x 2 K : �x 2 K ) x = 0



Proper Cones
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Norms
‣A function                  is a norm on        if

– f is convex
– f is positively homogeneous, i.e.,

– f is positive definite, i.e., 

‣Consequences: A norm satisfies the triangle inequality (proof)
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f : <n ! < <n

8x 2 <n,↵ 2 <+ : f(↵x) = ↵f(x)

8x 2 <n : f(x) = 0 ) x = 0

8x, y 2 <n : f(x+ y)  f(x) + f(y)



Euclidian Norm
‣Scalar or dot product

‣Euclidian norm (             )

‣Cauchy-Schwartz inequality
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xT y =
nX

i=1

xiyi

x 2 <n

kxk2 =

vuut
nX

i=1

x2
i =

p
xTx

8x, y 2 <n : xT y  kxk2kyk2



The Euclidian Norm is convex
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}↵x ` p1 ´ ↵qy} § ↵}x} ` p1 ´ ↵q}y}
nÿ

i“1

p↵xi ` p1 ´ ↵qyiq2 § p↵}x} ` p1 ´ ↵q}y}q2

↵2}x}2 ` p1 ´ ↵q2}y}2 ` 2↵p1 ´ ↵qxT y § ↵2}x}2 ` p1 ´ ↵q2}y}2 ` 2↵p1 ´ ↵q}x}}y}



Ice Cream
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Second-Order Cone
‣Definition of the Ice-Cream Cone (aka Lorentz) 
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Ck =

⇢
u
t

�
| u 2 <k�1, t 2 <, kuk  t

�



Convexity of the Second-Order Cone
‣Definition of the Ice-Cream Cone (aka Lorentz) 

‣Why is this a convex set?
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Ck =

⇢
u
t

�
| u 2 <k�1, t 2 <, kuk  t

�



Second-Order Cone Programming
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min cTx

s.t. Ax = b

x 2 Cn1 ⇥ . . .⇥ Cnk

(n1 + . . .+ nk = n)



Second-Order Cone Programming
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min fTx

s.t. kAix� bik  cTi xi � di 1  i  m



Second-Order Cone Programming
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min fTx

s.t. kAix� bik  cTi xi � di 1  i  m

min fTx

s.t. Aix� bi = yi 1  i  m

cTi xi � di = zi 1  i  m

kyik  zi 1  i  m



Rotated Second-Order Cone
‣Consider the contraint

‣ It is equivalent to 
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����
2w

x� y

����  x+ y

w2  xy, x � 0, y � 0



Rotated Second-Order Cone
‣Consider the contraint

‣ It is equivalent to 
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����
2w

x� y

����  x+ y

w2  xy, x � 0, y � 0 a
4w2 ` px ´ yq2 § x ` y

4w2 ` px ´ yq2 § px ` yq2

4w2 § 4pxyq



Rotated Second-Order Cone
‣Consider the contraint

‣ It is equivalent to 
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����
2w

x� y

����  x+ y

wTw  xy, x � 0, y � 0



How to solve SOCP?
‣Consider a convex problem

‣The problem
– twice differentiable
– is strictly feasible (there is a solution in the interior of the convex region)
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min f0(x)

s.t. Ax = b

fi(x)  0 1  i  m



How to solve SOCP?

‣Rewrite

‣ into

‣where 
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min f0(x)

s.t. Ax = b

fi(x)  0 1  i  m

min f0(x) +
mX

i=1

I�(fi(x))

s.t. Ax = b

I�(x)= 0 if x  0

1 otherwise



How to solve SOCP?

‣Rewrite

‣ into

�26 Pascal Van Hentenryck, 2018

min f0(x) +
mX

i=1

I�(fi(x))

s.t. Ax = b

min f0(x)�
1

t

mX

i=1

log(�fi(x))

s.t. Ax = b

log barrier 
function



How to solve SOCP?
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�1

t
log(�u)



Logarithmic Barrier Function

‣Convex function

‣ twice continuously differentiable
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r�(x) = �
mX

i=1

1

fi(x)
rfi(x)

r2�(x) =
mX

i=1

1

fi(x)2
rfi(x)rfi(x)

T �
mX

i=1

1

fi(x)
r2fi(x)

�(x) = �
mX

i=1

log(�fi(x)) dom � = {x | f1(x) < 0, . . . , fm(x) < 0}



How to solve SOCP?
‣For SOCP, the optimization becomes

‣Properties
– It is finite if 
– It converges to infinity as (x,t) approaches the boundary of the cone.

‣Use a primal-dual method with this barrier function
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min cTx�
mX

i=1

log(t2 � kxk2)

s.t. Ax = b

kxk < t


