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Outline

= Congestion and curtailment in power distribution grids
m Chance-constrained vs. Robust optimization

Exercise 1

m Scenario approach for chance-constrained optimization
Mathematical representation of chance-constraints
Exercise 2

Scenario optimization with measurements

Numerical methods for approximate conditional sampling
Exercise 3
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with Application to Power Systems
IEEE Control Systems Letters, 1(1):152-157, 2017
doi: 10.1109/LCSYS.2017.2711140

2/40


http://doi.org/10.1109/LCSYS.2017.2711140

Notation

A matrix

p vector
p? vector
p") vector of a sequence

1 vector of all 1’s
0 vector of all 0’s

pi scalar (i-th element of v)

P[] probability
E[] expectation
cov[-] covariance

3/40



Future power distribution grids

= Renewable energy sources
> poor short-range prediction
> correlated uncertainty

u Electric mobility

> large peak (power) and total
(energy) demand

> flexible load
> spatio-temporal patterns

Congestion

Power distribution grids may reach their
power transfer capacity

m line currrent limits
= trasformet power rating
= voltage bounds

Germany
17 August 2014 wind
41GW
‘ 75%
biomass

hydro

solar

Installed renewable generation
Germany 2013

solar 24 GW
wind 15GW
hydro + biomass 6 GW
Transmission grid Distribution grid
Energy consumption
by sector
(2010 gyiigin
gs
40.9% 73.9%
Industry
31.3% 25.9%

Transportation |
27.8%

Electricity
consumption
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Congestion relief

Actuation
m gparse actuators
= generation curtailment
® |oad shedding
= reactive power control
m substation control (tap changer)

Sensing
= very few real-time sensors
= delayed metering data

Goals
satisfy operational constraint
minimize curtailment/shedding
reduce losses
provide services to the transmission grid

IEEE 123-bus test feeder
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Steady-state AC power flow model

MV/HV@ PQ nodes

substation
Vo = 1 -— &
0y =0
Sk = pkt+
ix €

m Steady state model
= Nonlinear AC power flow equations: sx = Uik,

[ ixj € C
ug = vke“”‘ eC

g € C
C

e = e n; Vig (U — Up)

diag(u)Yu = s Y: bus admittance matrix
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Nonlinear power flow equations

mx=[v 6 p q
m Set of all grid states that satisfy the AC power flow equations

— power flow manifold M := {x|h(x) = 0}

m Regular submanifold of dimension 2n

Linearization

Needed to
m ensure convexity of the decision problem
m obtain a compact representation
= perform decisions in real time
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Tangent space

Tangent space at a given power
flow solution x* € M

Acx(x —x")=0

= Implicit — No input/outputs (not a disadvantage)
m Sparse — The matrix A~ has the sparsity of the grid (fast computation)
= Structure preserving — Elements of Ay« depend on local parameters

— Bolognani & Dérfler (2015)
“Fast power system analysis via implicit linearization of the power flow manifold”

(Special cases: DC power flow, LinDistFlow, ...)
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Input-output power flow model

v; voltage magnitude at bus i
pi active power injection at bus i
g; reactive power injection at bus i

QT <

Linearized voltage model
From the implicit map Ax«(x — x*) = 0 to an explicit map

v=1+Rp+Xq

= v =1if p=qg = 0 (no load, no generation)
m for simplicity, we evaluate Ax~ (and therefore R, X) at the no load condition
m each power injection corresponds to the bus demand and generation
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Sensitivity matrices

R and X are the sensitivity matrices from nodal power injections to voltage
magnitudes.
p;

Rj is the first-order approximation of the effect of
the power injection p; on the voltage v;

In a radial network of PQ buses + 1 slack bus
= R can be constructed by inversion from the bus admittance matrix
m jts elements have an “electrical” interpretation

Ri/' = r(Psub—>i N Psub—»j) >0

® R is positive definite
®m R can be measured or estimated
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Some simplifications

Let us assume that
m |oads are perfectly compensated
m generators have unit power factor
and therefore g; = 0 for each bus .

Then

{V:HR” & v=1+R%+Rd

pi=gi—d
where
= 9 contains the columns of R corresponding to the generator buses
m g is the vector of generation powers (size = number of generators)
m d is the vector of power demands (size = number of grid buses)

Simplified model
v=v(g,d) :=1+R% + Rd

Only for ease of presentation. Reactive power can be easily accounted for.
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Optimal curtailment problem

max Zg, minimize curtailment
g i

subjectto  v(g,d) < v™1 avoid overvoltage

Something is missing...
m for the worst-case d?
m for a typical d?
= for an average d?
= for most d’s?

Uncertainty of d is two-fold
® uncertain realization of d (what are the power demands?)
m uncertain distribution of d (what are the possible/likely power demands?)
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Robust optimization (worst case)

mgax Z[: gi
subjectto v(g,d) <v™1  VdeD

where D is the set of all possible power demands.

Robust optimization — difficulty depends on the set D

Game theory interpretation: “adversarial” demand

D is often deducted from first-principles (e.g. positive power demands)
D is difficult to estimate from high dimensional data

Usually very conservative (worst cases may be infrequent)
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In expectation

max E gi
g i

subjectto  E[v(g,d)] < v™1

= Easy to compute in the linear case
E[v(g,d)] =1+ R°g + RE[d]

m [ [d] is easy to estimate from data (sample average)

= Not satisfactory to enforce specifications and operational constraints
— voltage violations can happen arbitarily often: how?
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Chance-constrained

maximize Zg,-
i

subjectto P [v(g,d) < v™| >95%

= Very practical interpretation of operational constraints

= |n general, extremely hard to compute exactly
— with a few exceptions, like Gaussian distributed uncertainty

Tempting idea...

For a Gaussian x
P[x < E[x] + 1.6449 ox] = 95%

And both expectation and variance
are easy to estimate from data

Gaussian or
"normal"
distribution

f(x)
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Exercise 1

Duplicate this computational capsule in your workspace
https://codeocean.com/capsule/0494755/tree

The capsule includes Matlab, Matpower, MPT Toolbox
CODE OCEAN

= Verify the accuracy of the linearized model test_sensitivityMatrix.m
m Check voltage distribution based on historical data voltageDistribution.m
m Consider only one generator, at bus 20

= Qvervoltage limit 1.02 (95% chance constraint)
m Compute optimal curtailment

> in worst-case (robust optimization)
> in expectation
» chance-constrained (under Gaussianity assumption)

m Check the resulting voltage distribution in voltagebistribution.m

Why are they not satisfactory?
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Scenario approach

Replace the chance-constraint
maximize Zg,-
i
subjectto P [v(g,d) < v™]| >95%
with
maximize g
i

subjectto v(g.d") <v™ =1 ... N

where d) are power demand samples drawn with the correct distribution.

How do you draw samples with the correct (unknown) distribution?
Data! For example, historical measurements from the metering infrastructure
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Scenario approach

maximize gy
i
subjectto  v(g,d”) <v™ =1 N
How many samples N to we need to consider?

Theorem (adapted from Campi & Garatti, 2008)
Let us define the positive constants

e violation probability € (0, 1)

B confidence level € (0, 1).
Let N satisfy

n—1

(4 da -,

i=0
where n is the dimension of the decision variable g. If the solution g* to (1) exists
then, with probability larger than 1 — 3, it satisfies

Plv(g",d) <v™] >1—e
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How large is N?

As a function of n (number of decision variables) when ¢ = 0.05,3 =1 x 1073

n= 1 10 100
N= 135 447 2658

As a function of e (violation probability) when n =3,3 =1 x 1072
e= 0.1 0.01 0.001
N= 108 1119 11225

As a function of 3 (confidence) when n = 3,¢ = 0.05

B= 102 107° 10°* 10°°
N= 165 220 273 324

= N does not depend on the dimension of the uncertainty
m N scales inversely to the violation probability
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Scenario feasible region

The scenario approach defines the feasible region
v(g,d)y <v™ =1, N
that is, in our linear case,

1+R% —RAD <v™™ j=1... N

Polyhedron
Intersection of half-spaces
Re A
Re v _ 1 4+ Rd®
P=499||.|9=
fég Vrnax _ H.—% F?(j(N)

Dimension: number of generators
Number of constraints: N x number of constraints per scenario

20/40



Compact representation

Polyhedra are nice mathematical objects to manipulate.
= Low dimension (number of decision variables)
= Very large number of constraint (number of buses x number of samples)

+ example: 2 decision variables, 13
buses, n = 362 samples: 7 irreducible
constraints

Different methods exist for the elimination
of redundant constraints (see exercise).

Extremely compact numerical
representation of the feasible set.

0.98
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Exercise 2

= Consider only one generator, at bus 20

= Qvervoltage limit 1.02 (95% chance constraint)
® | oad historical power demand data
1200 individual households from the Danish city Horsens.
— R. Pedersen, C. Sloth, G. B. Andresen, R. Wisniewski (2015)
“DiSC: A simulation framework for distribution system voltage control”
= Compute optimal curtailment via the scenario approach (8 = 1 x 107%)

= You can compute the optimal curtailment “by hand” or using MPT
— See test_removeRedundantConstraints.m

Verify the resulting voltage distribution in voltageDistribution.m

What is the average generated power?

Is it satisfactory?
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First take home messages

Specifications of power distribution grids are often well represented by
chance constraints

The probability distribution of the uncertainty is very important in
chance-constrained optimization

» Finite vs infinite support
» Tails rather than distribution mass
> Gaussian distribution is often a bad approximation

The scenario approach is an easy way to use the correct distribution
— without learning it! Data

The scenario approach is computationally tractable and has a compact
represenation when there are few decision variables

23/40



A more interesting problem now

Consider again the curtailment problem, but this
time assume that real-time measurement is
available

® substation power measurement
m a few voltage/current sensors

A lot of uncertainty is still present.

How can we use this real-time information?
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Intuition

Not all the historical data are still relevant.

Example

If the total power demand measured at the substation is 3 MW, historical demand
samples where the total demand was 1 MW are probably not very useful.

We may want to use only meaningful data points. However...
® |n a continuous world, no sample will be compatible to the given measurement

= Not enough samples, especially with multiple measurements
(power demand with an aggregate demand of 2 MW, a voltage of 1.05 at bus 30 and a
voltage of 1.04 at bus 48...)

m We would have to search across the entire database and intersect the
meaningful constraints in real time

» memory footprint

» computation time

> data privacy

> no use for embedded systems
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Chance-constraints with measurements

Linear measurements

y=Hd  forexampley => d
i
(possibly via linearlization of the power flow equations as before)
The chance-constained decision problem takes the form
maximize g
i
subjectto P [v(g.d) <v™ | Hd =y]| > 95%

where the violation probability is now the conditional probability.
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Scenario approach with measurements

Remember: samples for the scenario approach need to come from the same
probability distribution of the chance constraints!

How to sample from the conditional distribution?

Approximate conditioning

Let
w=E[d] Y = cov[d]

K=3xH"(HZH")™'
Then the distribution of the random variable
d|y :=d + K(y — Hd)

approximates the conditional distribution of d given the measurement y.

Think of it as an affine transformation of the samples.
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Is it exact?

Affine transformation / projection

d|y :=d + K(y — Hd)

Uniform distribution Gaussian distribution
(approx. conditional distribution) (exact conditional distribution)
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Properties of d|,

Linearity

d|y is linear in d and y

Measurement consistency
Hdl, = H(d + K(y — Hd)) = Hd + HEHT (HEHT) ' (y — Hd) = y

Gaussian case

If d is Gaussian, then d|, is exactly the conditional distribution of d given the
measurement Hd = y.

In fact, we don’t have any other choice if we want a linear transformation that gives
the exact conditional distribution in the Gaussian case.
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Proof of the third property

Let us first consider two jointly Gaussian random variables d and y, with moments
~ L & > gd Zdy]
= , 3 = .
: [W] {zyd Xy
The conditional probability distribution p(w|y) is Gaussian with moments
Yy = Tad — Tay T,y Tyd (%)

Hdly = Ha — Zay Ty (Y — 11y). (%)

To prove the statement of the proposition, we evaluate (x) and (xx) for the

deterministic relation y = Hd, and therefore Yoy = ¥, Yoy = TH™ =¥,

Y,y = HTZH', ug = p. Simple substitution yields
Y4y = L — KHZ
paly = o+ K(y —Hp).
These are the same moments as variable 8|y. As 8’\y is also Gaussian (affine

transformation of a Gaussian variable), the two random variables have the same
distribution.
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Quality of the approximation for non Gaussian variables

Bimodal distribution Mean Variance Skewness Kurtosis
True posterior 3.35 4.23 -0.74 2.00
Gaussian approximation 3.20 3.57 0 3
Affine transformation 3.20 3.57 -0.54 2.35
10 (-
5| i
ol
—5 U |
—10
Left:

Some samples and the available measurement y = Hw (thick line).
The thin lines represent the direction of the projection.

Right:
The true posterior distribution (solid black line).

The sampling obtained by projecting the original (apriori) samples.
The posterior distribution obtained by approximating the prior with a Gaussian (dashed red line).
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Quality of the approximation for non Gaussian variables

Annular distribution Mean Variance Skewness Kurtosis
True posterior -0.6 329 0 1.08
Gaussian approximation -0.6 17.8 0 3
Affine transformation -0.6 17.8 0 1.60
10 ] m 0.2 9
0.15 |- i
0.1 - B
0.05 |- B

Left:
Some samples and the available measurement y = Hw (thick line).
The thin lines represent the direction of the projection.

Right:

The true posterior distribution (solid black line).

The sampling obtained by projecting the original (apriori) samples.

The posterior distribution obtained by approximating the prior with a Gaussian (dashed red line).

32/40



Scenario approach with measurements
Step 1: Chance-constrained problem:
maximize Zgi
i

subjectto P [v(g.d) <v™ | Hd =y]| > 95%

Step 2: Scenario approach with samples from the conditional distribution:

maximize Zg,-
i

subjectto  v(g,d|)) <v™ =1, N

Step 3: Approximate sampling from the conditional distribution:
maximize g
i

subjectto  v(g,d” + K(y —HdV)) <v™ =1 N
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Feasible region (with measurements)

Feasible region

v(9,d" + K(y — HdD)) <v™  j=1,... N

1+R%G—R(d”+K(y—HI") <v™ =1, N

projected samples

before:  1+R% —RdD <v™  j=1,...N

Can be constructed based on
= N historical samples d(" g® ... g™
= their expectation and covariance (to compute K)
= the measurement matrix H

the real-time measurement y

Except for y, everything is available ahead of time!
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Feasible region

Augmented polyhedron

F?g F?’( n1ax

X q | |7 RK ymax
P = - . <
L’ ] : J : Y=

RS9 RK ymax

Compare to the polyhedron that we had before:

Polyhedron (no measurements)

F?g max

RY ymax
P=4q9||.|9<

H.Q ymax

—1+R(I— KH)d(’
-1+ R(I KH)d®
-1+ R(I — KH)d™

—1+Rd?

— 1+ Rd®

1+ Rg®

m Dimension n + m (number of decision variables + number of measurements)

m Same number of constraints
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Offline algorithm

The polyhedron P can be constructed based on historical data
before the real-time measurement y becomes available.

In particular, redundant constraints can be eliminated.

Computation time (dual-core, 2.6 GHz processor, 64-bit OS)

Compute ~ and K

Construct augmented polytope P

Compute minimal representation of 7

Total offline computation time 55 min

Memory footprint

Augmented polytope P 48620 constraints
Minimal representation of P 12 constraints
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Online evaluation

Augmented polyhedron

R RK v 1+ R(I - KH)d(’
. g1 | |F° RK A S F?(I — KH)d®
P = {] g-| . |rs
y : :
R® RK v ] 4 R(l — KH)d™

When the measurement y becomes available,
then the feasible region 7|, can be obtained by
simply slicing P.

Finally, maximize 3", g; subjectto g € P|,. d

Y
Computation time (dual-core, 2.6 GHz processor, 64-bit OS)

Slice P at y = y™ to obtain P,
Solve LP defined on P,
Total online computation time 1.8 ms
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Flowchart

Offline phase

Online phase
Real-time
operation

Construct Measurement
projection Yy

Disturbance
samples

{a}

Augmented
polytope
P
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Exercise 3

= Consider only one generator, at bus 20
= Overvoltage limit 1.02 (95% chance constraint)

® | oad historical power demand data
1200 individual households from the Danish city Horsens.

m Consider one measurement: total power flow at the substation

= Compute optimal curtailment via the scenario approach with measurements
(B=1x1073%)
= Simulate the real-time decision process: for every sample

» compute the measurement y
» compute the optimal curtailment based on y
> evaluate the resulting voltages

m Verify the resulting voltage distribution in voltageDistribution.m
= What is the average generated power?

Is it satisfactory?
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