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Learning objectives

Through this hands-on session, it is aimed for the students to be able to:

1 Derive formulas for online learning in linear regression problems

2 Apply to simple synthetic datasets

3 Assess for very short-term forecasting of wind power generation
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Linear regression setup(s)

Simple mapping from x to y , i.e.,

yt = βt,0 + βt,1xt + εt , ∀t

= β>t xt + εt , ∀t

where xt = [1 xt ]
> and βt = [βt,0 βt,1]>.

Autoregressive model (order p) for a univariate stochastic process {Yt}t , i.e.

yt = βt,0 + βt,1yt−1 + . . .+ βt,pyt−p + εt , ∀t

= β>t xt + εt , ∀t

where xt = [1 yt−1 . . . yt−p]> and βt = [βt,0 βt,1 . . . βt,p]>.

(for simplicity, we will stick to p = 1)
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Online learning through Recursive Least Squares (RLS)

Based on a LS objective function at time t, i.e.,

β̂t = argmin
β

St(βt) = argmin
β

1

2

∑
i<t

λt−i (yi − β>t xi )
2

where λ is a forgetting factor, λ < 1 (though very close to 1)

An update of β̂t is recursively obtained through a normalized gradient step
(Newton-Raphson method), i.e.,

β̂t = β̂t−1 −
∇St(β̂t−1)

∇2St(β̂t−1)

Problem (Problem 1. RLS update)

Write the update scheme for RLS estimation based on the Newton-Raphson method
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Hints and steps for solving Problem 1.

Step 1:

Write St(β̂t−1) as a function of St−1(β̂t)

Step 2:

By applying the ∇ operator to both sides, deduce the relationship between
∇St(β̂t−1) and ∇2St−1(β̂t−1)

Step 3:

By applying the ∇2 operator to both sides, deduce the relationship between
∇2St(β̂t−1) and ∇2St−1(β̂t−1)

To lighten notations, write Rt = ∇2St(β̂t−1) and Rt−1 = ∇2St−1(β̂t−1)

Step 4:

Write the update equation for R, i.e., Rt−1 → Rt

Write the update equation for β̂, i.e., β̂t−1 → β̂t

Remaining point: How to initiatize at time 0, i.e., define β̂0 and R0?
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Application 1: Synthetic dataset with time-varying linear regression

Remember the first case mentioned, i.e., simple mapping from x to y , with
time-varying linear regression, i.e.,

yt = βt,0 + βt,1xt + εt , ∀t

= β>t xt + εt , ∀t

where xt = [1 xt ]
> and βt = [βt,0 βt,1]>.

Problem (Problem 2. Application to synthetic time-varying linear regression)

Apply RLS to adaptively and recursively estimate the parameters (βt) of a linear
regression model
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Application 1: Dataset

Data ({xt , yt}t , t = 1, . . . , 10.000) is available at this link

True parameters (βt = [βt,0 βt,1]>, t = 1, . . . , 10.000) are available at this link

By default, use λ = 0.99
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http://pierrepinson.com/Data/lregdata1.csv
http://pierrepinson.com/Data/lregparams1.csv


Application 2: Real data from Australia

30-min average power measurements for a portfolio of 18 wind farms in Australia

Those have obvious autorgressive dynamics, i.e.

yt = βt,0 + βt,1yt−1 + . . .+ βt,pyt−p + εt , ∀t

= β>t xt + εt , ∀t

where xt = [1 yt−1 . . . yt−p]> and βt = [βt,0 βt,1 . . . βt,p]>.

(for simplicity, we will stick to p = 1, but you may try with p > 1 if you have time...
Most interesting case if p = 2 here)

Problem (Problem 3. Application to real wind power generation data,
autoregressive process)

Apply RLS to adaptively and recursively estimate the parameters (βt) of an
autoregressive model

8/11



Application 2: Dataset

Data ({yt}t , t = 1, . . . , 35.088) is available at this link

True parameters are not available!

By default, use λ = 0.99
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http://pierrepinson.com/Data/ausdata30mins.csv


Discussion points?

Choice of forgetting factor?

Choice of meta-parameters in general e.g. AR lags?

Choice of feature and model?

Other (and more advanced approaches) to online learning?

Other points?
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Thanks for your attention!
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