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The Devil Is In The Unseen

X-15 crash due limit cycle instability in adaptive control system
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Advances in Model-Based Control
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Examples of unstructured problems
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Challenges in Learning for Control (Al)

Dynamic and input-driven systems

Stability, Safety

Emerging new problems in social systems

— Unstructured, no Mechanistic models

— Systems change in response to incentives
— Learn both behaviors and incentives

Lack of convexity for many model parametrizations

High dimensionality, missing data
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Theory

« Data generation process
* Obijective/Error: prediction, distance from process

« Fundamental bounds (limits of learning--Fisher
Information, Information Based complexity)

« Sample complexity: length of data to guarantee an
error bounds
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ldentification/learning

Observations {y(0), y(1), ...y(n)}
Model class: A set of models (deterministic or stochastic)
Linear Systems z(t) = hxu(t), y = (u, 2); h € {4

Hidden Markov Models: Stochastic Process

A {y(0), y(1), ...y(n)} — model
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One decade of Research

 Need to approximate the underlying process in an operator norm
« Consider 7:[k the class of FIR models of order k
. Data Generation process: ¥(t) = h(t) * u(?)

. Model:  y(t) = hg(t) = u(t) +d(t), |d@t)] <~

+ Can this model be learned? ||hx — h||1 < €
« Algorithm: Pick any model from the set of un-falsified models
. Lower Bound: 27

- Sample Complexity: n o< exp(k, €)
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Non-parametric Learning

« Model order grows as a function of data

Previous result: k = O(logn)

Implications on control authority

— Grows slowly
— May present challenges for some processes

Machine Learning and Spectral Methods

— No explicit parameterization
— Extracts hidden structures
— E.g., Subspace learning & Hankel reduction for LTI
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Message for Al

* Robust learning: Models are a good approximation
of original system

* Quantification of uncertainty is important
— Real-time requirement

* Probabilistic modeling has definitive advantages

— Unstructured models
— Probabilistic bounds
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Problem

* Finite noisy data {u, v ?:1

from unknown model Af

{uelis M {y}i=

e ‘Good’ estimates of Af
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Challenges: LTI Example

Ti+1 = Az + Bug + ge+1
Yy = Cxyp + wy

LTI model

t t
ye =Y CA*""n.+ ) CA* "Bu,_ +w

T=1 =1

.
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Challenges: LTI Example

t t
ye =Y CA*""n.+ ) CA* "Bu,_ +w

T=1 =1

Consider two models

0 10 0 0] -
0 01 0 0 _[o o _[d
. . e, . 0 Ay = -1 G:I Bﬂ_ll:l
4= . Lo 1= 0 Cy=1[0 1]
1o o0 0 .. 1 1
l— 00 0 .. 0f . -
=0 o0 .. 0 1], "y & 1
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Challenges: LTI Example

Consider two models

0 10 O 07 . _

E., c., 1 ,D ? 0 Ag = ? g] 32=H
A= A= C;=1[0 1]

0 00 0 .. 1 b

l— 00 0 .. 0f . -
c=[0 0 .. ¢ 1],

{C1B1,C1A1Bs,...,C1AT ' B1} = {CaBy, C2A2 By, ..., CaA} ' By}

|dentical output for n time S21DSS
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Challenges: LTI Example

14
| — y=0.05
0 1 0.1 121 y=0.005
- _ [ae _ |9
s Joomman-[i] .
X \
o5R0, 058 = e
E
q -
2-
Least singular value L e —
C 234 00 150 1090 1250 1300 1750 2090
of output subspace Number of hierations

.
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Assumptions and Challenges

* Assumptions
— Bound on the gain (induced norm)
— No decay rate
— No knowledge of state space dimension

* |s there a notion of effective order/dimension
and approximation?

* |f there is, how much can we learn in finite time?
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Challenges:

« Lack of convexity for many model parametrizations

* High dimensionality
— Reduction
— Finite noisy data

 Emerging new problems in social systems
— Unstructured
— Learn both behaviors and incentives
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Roadmap

* Finite noisy data limits complexity;
distill Aow much can be learned: Model approximation

« Learn efficient approximations directly
from data

 Finite time error guarantees for structured dynamical models
— LTI systems
— Switched Linear System
— Hidden Markov Models
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High Level Approach

« Data Zr = {Utg yt}gl=1

has ‘best’ lower order
representation

» Design data dependent

estimators:  M,.(T')
that approximates

lower order

H
Ho
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Sample estimate 7?7

- M (T)

Some ‘convenient’ representation




Minimax Estimation [possibly confusing]

» ‘Best’ is defined as minimax optimal: best estimator
for the worst performing model

MY =arg inf supE[||M -6
7= ag_inf supE[|[47 ]

— Minimax optimal estimator

& Model Class: E.g.: Stable LTI

sup E[|| My — 6||] < supCE[||M: —4||]
fee e

-Good estimator £41DSS
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Related Work

* LTI system identification
Rich theory when:
- Most of it is for infinite data Ljung (1998), Huang et. al. (2005)
- Assume system order knowledge Van Overschee et. al. (1997)

- Improper estimation, e.g.: FIR systems for IR realizations
Vidyasagar et. al. (2008)

- Finite Time Statistical Identification Campi et. al. (2002),
Faradonbeh et. al. (2017), Simchowitz et. al. (2018)

* LTI Model Approximation

- Well developed theory by Glover et. al. (1984), Zhou et. al.
(1995)

- Assumes knowledge of system parameters
- No statistical guarantees
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Related Work

 SLS Realization
- Given data comes from SLS Petreczky et. al. (2010, 2018)
- Assume discrete states are known
- Hankel-like matrix has finite rank

 SLS Identification

- Special cases SARX process identification Bako et. al. (2009),
Ozay et. al. (2009)
- Clustering based; requires order information

* Model Approximation

- ‘Balanced’ truncation based Kotsalis et. al. (2008), Birouche et.
al. (2012)
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LTI Systems

nAN
Tii1 = Axs + Bus + 11 AER
B € Rnx-m

C € RPX"

Yy = Cxyp + wy

p(A) <1 Schur Stable

{me, we}i21 SubGaussian

t t
Y = Z CAt_Tﬂ.,- + Z CA*_"'Bu.,._I + Wy

T=1 =1
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LTI Systems

- Problem is non-convex in (C, A, B)

- Subspace based algorithms exist; need infinite data
- Key step involves learning the infinite Hankel matrix
- Hankel matrix: maps past to future

[ CB CAB CA?B ...
CAB CA2B CA®B
Ho,m,00(M) = |CA2B CA®B CA‘B
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Why Hankel 7?

- Maps past inputs to future output

- Hides critical system level information
-0 -
CA
Homoo(M)=| : |[B AB ... A'B ..]
CA¢

rank(Ho,co,00(M)) = System Order
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LTI Systems

- No knowledge of n, p(A)

- Only have finite {ye,ue}io,

- Can we learn ‘suitable’ approximations

[ CA*RB CAXlB .. (CAT+s—-1p 7
CA*1lB (CAM2p |, CATH¢ PR
Hk,p'q(M) = " ’ . :
CAPHR-1B ... ... CAvtek-2p
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LTI Systems [example that shows
arbitrariness of subspace, to be revisited]

- Recall example

0 10 O 0] o

0 01 O 0 0

v . 0

A1= Bl= E

0 0 0 0 DO O 1 9

_ _ 1
Ag— ﬂ] Bg—ll:l | —y D 0 0 0-“:‘“ = X1

Cy=1[0 1] Ci=[0 0 0 1],

Approximates

.
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Key Idea

- What size of Hankel matrix do we pick?

- How do we threshold singular values?

- Inspiration from balanced truncated models / Ho-Kalman
algorithm
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Algorithm

Reshape input and output for a fixed d

i Ul—1
~ Yi+1 - U]
+ _ -
Y.;.,d - , lUI,d Il .
| ¥t4+d—1] | Yi—-d |

f’:::l Tﬂ.dﬁf,':i + 7"d.ul.l—al—lfjr:_—f.-:-1.:-'.-:1—1
&' Oo,4,a7—1,a* TO0,afii' g + Od,di-d—17l—g—1,1—a—1 + Wi g
Future Past
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Algorithm

Algorithm 1 LearnHankel(7', d, 7. m, p)
Input 7" = Horizon for learning

d = Hankel Size

m = Input dimension

p = Output dimension

k = Desired model order to learn
Output Observation Matrices: (C‘ A, B)

. Generate 7' i.i.d. inputs {U; ~ N(0, Imxm) ?:1.
2: Collect T" input—output palrs {U;,Y; }
3. H = arg mingy ZI 1|| Itd.d HU;i_dde
4; (Ck,Ak,Bk) HankelZSys(H k,m.,p).
5: return (Ck,Ak,Bk)
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Algorithm

Algorithm 2 Hankel2Sys(H, k, m, p)
Input H = Pseudo Hankel Matrix

m = Input dimension

p = Output dimension

k = Desired model order to learn
Output System Parameters: (é;;, Ay, ﬁk)

U3,V < SVDofH
Uk, V. < top k singular vectors
C. + first p rows of UkEl/z

B;; < first m columns of EU QVk

Zo=Upsy*(1:,2), 21 = U “(p+ 1 1,).
Ak<—(ZTZU) L ZJ Z.
return (CkﬁAk,Bk)

A S R A TS
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Result

— 5[DSS
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Proof Steps:

7k T
Proof involves: ‘ﬁo,d,d = (Z ﬁ;:.d,d ﬁI:-E,d) ' (Z ﬁl:-d.d (?Iid.d)T)

i=0 i=0
- Showing
TI L . 3T
5 3Vr= Y UiaalUinaa = e

i=0

- To show the dependent cross terms grow only as vT

1 det(V + Vt))

2 2
|Se[ltv 4vyy)-1 < 2L (log i log 36t (V)

Error cross terms
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How to Pick d: Error Analysis

| Ho,d,a — Ho,00,00]] < |[Ho,d,a — Ho,a,all + [ Ho,a,a — Ho,co,00]|

Error < Estimation Error 4+ Truncation Error

Estimation Error 1+ with d

Truncation Error 1 with d

.
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How to Pick d: Error Analysis

d
Estimation Error < O(—) <+—— Theorem 1

VT

Truncation Error < Unknown

Canwe find d*

d
[Hoaa = Homooel | <O( =) d 2 d
— d* = O(logT) (Hides (C, A, B)-dependence)

.
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Error Analysis
Why is d™ important

|Ho,d,a — Ho,00,00|| < [[Ho,a,a — Ho,aal| + [ Ho.d,a — Ho,co,00]]

Error < Estimation Error + Truncation Error

Frror < O(i> d> d*

VT

Very Important Observation

| Ho.ax.a+ — Ho.a.dl| < O(%)
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Algorithmic Insight
How to do it with data ?

. . [
Ho.dd— Houlll < O(—)

Empirical version of truncation

3

>[>d
logT — —

Algorithm: Find minimum d that satisfies this
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Informal Theorem

Minimum d that satisfies this

dmin < d* S /idmin

and

— Ho o000 gO(

/idmin )

H
| Ho,d T

min;dmin
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How to pick (d, k) from data?

- How large should d be to make this useful?

- Too smalld : no information, too large d : poor estimation
from noise

- To make Ho,4,a useful, need d > d. satisfying (ideal situati

m + p)da + log £
CBR\/I\/ LD 1B S > 1Mo du. — Hooocoll

Depends on unknown

BN |ossocha el
IIIII ks o1

Riadl i




How to pick (d, k) from data?

d: No. of Markov Parameters

Pick d =d that is minimum and satisfies:

. . h(m +p) + log £
“HD.d.d—HO.h.hllﬂﬁc‘\/E(\/ (m + ) g"—)

T
thd,\/ I o4 \

logT — Regression estimates
from Algorithm 1

.
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How to pick (d, k) from data?

Proof sketch:
h>12d,

Ao, — Honnlla < || Hogs — Houll + || Homns — Hopnlla + | Hopn — Houills
< |[Hoss — Housllz + | Hopn — Homallz + [[Ho,c0.00 — Hoilla

SC(‘/%‘/(m+p)h+log%+\/¥\/(m+p)l+log%)

d<d,

Second part: &d > d.

.
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How to pick (d, k) from data?

k. Model order (or largest approximation)

: : : Can be

Assumption: Singular value gap is known — A removed
BN oo s MIDSS
M =2 S




How to pick (d, k) from data?

k. Model order (or largest approximation)

Assumption: Singular value gap is known — A

Define

cvd [(m+p)d+log z
Ay T

T(A4) =

BN oo s

Mir ===
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How to pick (d, k) from data?

k. Model order (or largest approximation)

Assumption: Singular value gap is known — A ?ear;rr:o?/eedi
Define
(Ay) = cVd (m+p)d+log T
AL T
ai(H
k = sup {Ii {Hogd) > 41'(A+)}
o1(Ho,4,4)
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How to pick (d, k) from data?

B cr;('flol,;lg) _
R {z| o1(Hp,4,4) = (A+)}

/

- Depends only on condition number

Singular value thresholding

- Model order selection

T = Qk)

Condition

number .t
£41DSS
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Balanced Realizations
Let HD,OCI,OO —_— UEVT

Cx = [Ukz}}eﬁll:w
Ak = X 1/2U;=r [Ukzi/2]p+1=.=
By = [Z/*V" ] 1im

Then
|M — Myg|loo < 2(0k41+ ...+ 0n)

.
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Main Results

Theorem 2 [Finite time Error Rate]

For data dependent (d, k), we have with probability at least 1 — §

G — logT log]
'[A;ﬂ — ﬁk < k0 (\/ DE., + D,?E)
1By — By,

where :Ck}Am Bk) Is the balanced realization.
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Main Results




lllustrative Example

« (Consider a model of true order 150

ge = wrp” =095 {wi};29 ~ N(0,25)
g =0 [ > 150

.
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Singular Values

Singular value profile

o I~ Q
N o o

Inverse Condition Number
o
N

0 50 100 150
Singular value number

ek
.- e b 2 Pia I . t. M‘IDSS
1 s Good lower order approximation




How we do It?

~ T
» Learn Ho,i,; forl </ (Least squares)
i log T’

e Find minimum d that satisfies

: - CpOl | T
Ho1: — Hogal| < Nia % oo T > 1>
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Choice of d
— N
@) o

-
o
|
|

5 | I | I | I
0 0.5 1 1.8 2 2.9 3 3.5

Number of data points (T) %10?

d Grows slowly with T
22 1DSS
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Chosen model order

O | I |
0 0.5 1 1.5 2 2.5 3 3.5

Number of data points (T) %10%

k  Grows slowly with 7T
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—r=1
—r= g
F= 11
—r=13
= =17
4>:$_———"/_—\ i
3 4 5
Number of Data Points (T) %104

Error between true approximation and estimation

-
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S
2 100 i ;
© 1
= '
= 80F II |
c i
O :
S 60- | i
O_, i
O &
dp)] 40 - '4l _
= \ r“"t LTS e
) ool
= "‘*‘1‘ kit O Sedededed o
< 20F K“"*"#‘ WY " -
>
<1: 0 | | | | | |
0 0.5 1 1.5 2 2.5 3 3.5

Number of data points (T) %10?

Angle between subspaces
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Main Results

0 1 0
Ag= [0 0 0|,A1=4p
7 0 0
"o rol
Bop=10 IBl= ‘\/E :GD=[0 0 ‘\/E]lCl:OD

My order 1 model
M, order 3 model
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Main Results

cCoooC -
COoOO0OOC -
~too0ooo -
S OO0 -

.1_nU o O -

) H’}’,l

oo Oo -
COoOOoOOoOO -
COoO OO CoO -
cCooocoOo -

—oooo -

Hey,0
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Switched Linear Systems

—

z(t +1) = A(0(t))x(t) + Bu(t) +n(t + 1)
e | y(t) = Cz(t) + Bu(t) + w(t)
e(t) € {11 2,..., 3}: ]P(a(t) = 3) = D4
A(e(t)) € {All Am v :Aa}
unknown 1 (s,{A1,As,...,A;,B,C})

Question: Learn a good approximation of the JLS model
from observables { (., ¥:) }i_;
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Switched Linear Systems: Example
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Switched Linear Systems: Example

fo
6i(t+ 1) = 8i(t) + Ao £ (1) il
B(t) € {1,2,...,s}
f3
Vehicles at time ¢ take { A1, As,..., A5}
A; Can be thought as
preference functions
. i 1DSS
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Demand Response with Incomplete
Information

« Electricity prices vary significantly

— Average prices around $25 / MWh, but peak prices
>$1000 / MWh.

— 20% of electricity costs are incurred in just 2% of hours.
» First-best: charge consumers the time-varying price. But...
« Concerns about equity (Burger et al, 2018).

« Behavioral issues — transaction costs and incomplete
information mean that some customers have highly
Inelastic demand, but risk-aversion implies that highly
variable prices are unpalatable (Schneider and Sunstein,
2018).

 Alternatively: reward reductions during high cost periods.

62
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Demand response provides incentives for demand
reductions, without charging extra for high consumption

* Incentive-based demand response: a program
offered on top of existing tariff / rate that offers a
(weakly) positive incentives for reductions in
demand.

Energy,
c $/kWh
Generators
(social cost)

Energy,
R $/kWh
Customer

When >R, pay to
reduce demand

-
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The core challenge for DR is that we have incomplete
information about the consumer baseline

[
o

—— Demand Fesponse
Original Consumpticn

«
e

= = =
[ ] %] =

Hourly Energy Consumption (kWh)

=]

* |[n practice, we don’t know what the original
consumption (orange line) would have been once

we begin the demand response program.
* Below what threshold should we reward

reductions?

.
I BN oo s
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Incomplete information can significantly reduce the benefits of
a demand response program

« We expand Hung-po Chao’s model from 2010:

, Efficiency of DR with Full and Incomplete Information

0.65 \
§

o
a3}

\

\u
0.55 ; ‘
\

0.45

o
I~
T

= 035

Incomplete Information
— — Full Information

Sk

_—

o
w

Fraction of Welfare Benefits compared to RTP

I
0.05 0.1

o

| | | | |
0.15 0.2 0.25 0.3 0.35 0.4
Coefficient of Variation

SOA - Industrial
SOA - Residentia

Amasyali and El-
Gohari (2018)
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Data to decisions approach: rather than estimating baseline,
let's use data directly to design the incentive

fi(q) DR Offer

Threshold

 Full model for optimal DR:

« Customer has random demand parameters that
are drawn from a distribution specific to that
customer.

» Principal chooses optimal = f,(¢)

-
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Model evolution as JLS

Materassi, Roozbehani, Dahleh modeled this as a jump linear system

« We have K segments characterized by demand and backlog.
« Consumers come with different types based on their elasticity

« At each step, consumer move from one segment to the next, based
on the applied incentives

* Question: How do we design the incentives based on this behavior?
— Direct optimization (no regret)
— Learn underlying latent variable
— Learn JLS

BN oo s
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We assume that agents choose consumption to maximize their
own utility

Agent i maximizes:  U;(q) — q2 + [fi(q)

P BN

Generic utility : Non-negative
(ing., concave) Retall price DR incentive

The principal chooses () and is responsible for buying
power at price ¢ > R

Key challenges: uncertain, discontinuous demand function, you
cannot separate small response from no response.

68
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The online learning model attempts to
minimize regret vs. an optimal policy

« Based on quadratic utility, we have the following customer
demand:

€y —mya it § > €, — i
fﬁt(ﬁhﬁ) _ { il il 6 - “at 9

€1 otherwise

The parameters €;: and m;are drawn from an unknown
distribution associated with customer /.

The principal seeks to minimize regret:

7 N N
—E Z Z W (qi(ay, Bi)) — Q}ﬂﬂélm o E Z Z W (qi(ax, 5i))

t=1 i=1 =1 1=1

W depends on the incentives/regulation of the utility.

69
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We can learn the optimal stationary
policy over time

* In this example, a is fixed. We learn the optimal 3
(represented by the blue dashed line). Average
regret approaches 0 over time.

=

=]

=

2 4

E —-—— - -

E
I I I I I I
H 10040 2000 3000 4000 S000

@ 37

L

g <7

[l

i

21

L

'd: I I I I I I
H 10040 2000 3000 4000 S000

Mumber of pericds
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Why SLS?

Algebraic Equivalence to HMMs:
P(2¢41 = jlze =14) = @i —— Hidden
P(y: = jlze = 4) = Ojs —— Output

A(7) = QDiag(Oy,1)

Let y{' be a sequence of N output switches

Probability sequence is output from SLS

BN oo s
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LTI to SLS

« SLS output

Yt = CB'H-t + CAB[t—l}But—l + CAE(t_1}AQ(t_2}But_2 + ...

« Unlike LTI case, there is no ‘Hankel’ matrix anymore
- Need to come up with something that encodes
structural information into system parameters

* We first solve an easier problem: assume switches
are known. Can we then solve the problem?
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LTI to SLS

» Fix rollout length N; for any switch sequence 1Y

LAY) =iy ... +1;

 Create the following matrix
(N)
L0ty 1L +pmEaE )+ 1mE ) 4m = /Pl CAy B

e Let s =2 then

NN s sackha e
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LTI to SLS

e Let s =2 then

"~ CB VPICA B VPICAB ..
VPiCA1B  \/PiCAB  /pipsCA1A2B
2() — | vP2CAB /PipaCAA1B  |/p3CA3B
VPRCA2B  /DiCAIB  \/pIpaCA%A;B

- CARB 1 CALA B -
vP1CA1 4B *CA1A A1 B
'H(Oﬂ)= D \/p_QCAgAkB \/ijzC'AgAkAlB
v = VP VIRCARAB  /DRCARA A B
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LTI to SLS

Theorem 4 [Generalized version of Ito et. al. 1992]
#H(*) is a well defined operator with rank(#(*)) = n. Furthermore
Vo Ay = 2‘1/2UTH§,°°)VE'1/2

C= [Uzlfz]l:p,:
B = [21/2VT]:.1:m
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Main Challenges

+ Find {C, {A:};=1, B} from {y(t), u(t) }:—;

- Finding minimal s is hard: Rank of psd matrix
- Not obvious extension of LTI system

Solve an easier problem:
- Assume the switch sequence is known, i.e., observe

{w(2),u(t),6(8)}i=,
- Relax this by ‘clustering’ later, i.e., replace by

{y(t): u(t): é(t)}g;l
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Conclusion

» Spectral methods for learning

* Relation between model approximation and
learning from finite data

 Critical for control applications

* Real time implications
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