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Multiuser time-varying optimization

The following exercise is inspired by:

[1] J. Koshal and A. Nedi¢ and U. Y. Shanbhag, Multiuser Optimization: Distributed Algorithms and Error
Analysis, SIAM Journal on Optimization, 2011

The network has a set of N users, sharing a set of m links (see Figure [I| for an example). A user i € N has a
cost function fF(z;) of its traffic rate z; € R as

fF(x;) = —oi(k)log(1 + x;), fori=1,...,N,

where o;(k) is a time-varying non-negative scalar. FEach user selects an origin-destination pair of nodes on
this network and faces congestion as
c(x) =x" AT Az,

where A € N’{%le}v is the matrix that encodes the network structure, that is: Aj; = 1 if the traffic of user ¢
goes through link j and 0 otherwise. The coupling in the constraints has the form A;.xz < Cj, for all j, for

which Cj is the maximum capacity of link j. The multiuser problem is

N
minimize Z —oi(k)log(1 +z;) + =" AT Az (1a)
x
i=1
subject to Ajx<(Cy, forj=1,....m (1b)
x; € X5, fori=1,...,N, (1c)

Let X; = [0, 30]. We use:
C =[10,15,20,10, 15, 20, 20, 15,25] .

we set a = 0.02, v = 0.1, € = 0.01, and we let the o;(k) to vary as
ai(k +1) = 0:(0)((1 —n) + ncos(2mgk +¢)*), ne[0,1],
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Figure 1: The network with 5 users and 9 links used in the case study



where the ¢;(0)’s are
o(0) = [10,0,10, 10, 10]

q = 0.005, and ¢ = 27U 1.

Exercise 1
1. Is the problem convex? Is the cost function strongly convex? Is the function strongly smooth? If yes,
compute the strong convexity and strong smooth constants.

2. Devise an online algorithm based on a doubly regularized Lagrangian (e = 0.1, = 0.01) to determine
the optimizer of the optimization problem in time, and show convergence of the error |z* — 2%*| w.r.t.
optimizer of the regularized Lagrangian. Show plots for n = 0,0.02,0.1,0.5. What do you observe?

Exercise 2

1. Compare the results of the same online algorithm for the case ¢ = 0.1, = 0.01 and for the case
€ = 0.0, = 0.0 w.r.t. the optimizer of the true Lagrangian, both in a time-invariant and time-varying
scenario. Try to replicate the results shown in the presentation. Comment on the results.

2. Based on

S. S. Du and W. Hu, Linear Convergence of the Primal-Dual Gradient Method for Convex-Concave
Saddle Point Problems without Strong Convezity, in Proceedings of AISTATS, 2019,

what can be said about convergence on the ¢ = 0.0, = 0.0 case? Why the convergence seems to be
linear nonetheless? (Help: check the Lagrangian multipliers)

Exercise 3

Substitute now the constraint Az < C, with Ay < C and y; = log(x; + 1) for ¢ = 1,3,5 and y; = «; for
i = 2,4. Multiply the congestion cost c¢(x) by 0.01.
1. Is the problem convex?
2. Devise a measurement-based online algorithm based on a doubly regularized Lagrangian to find and
track the solution trajectory of the optimization problem at hand (you will be measuring y, and you

can linearize log(x; + 1) at 2; = 0). Show plots similar to the first two exercises. Is the constraint
Ay < C verified at all times?



